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Abstract 

Let / : S — ► B be a non locally trivial relatively minimal fibred surface. We prove a 
lower bound for the slope of / depending increasingly from the relative irregularity of / 
and the Clifford index of the general fibres. 
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1 Introduction and preliminaries 

Let / : S — ► B be a surjective holomorphic map with connected fibres from a complex smooth 
projective surface S onto a complex smooth curve B. We always assume that it is relatively 
minimal, i.e., that there is no (—1)— rational curve contained in a fibre of /. Let F be a 
general fibre. We call / a fibration of genus g whenever g = g(F); we also set 6 = g(B). 
The fibration is called smooth if all its fibres are smooth, isotrivial if all its smooth fibres are 
reciprocally isomorphic, and locally trivial if it is smooth and isotrivial (i.e. an holomorphic 
fibre bundle). 

Let ujs be the canonical line bundle of S and K$ any canonical divisor. Set p g = hP(S, us), 
q = us), X@s = Pg — 9+1 and let e(X) be the topological Euler characteristic of X. We 
consider the following relative invariants: 

K) = (K s - f*K B ) 2 = K 2 S - 8(6 - l)(g - 1) 

Xf = fegf*u s /B = x£>s -(b-l)(g-l) 

ej = e(S) - e{B)e{F) = e(S) - 4(6 - l)(g - 1) 

Qf = q(S) - b. 

We have the following classical results, when g > 2: 
(i) (Noether) !2 X f = e f + Kj. 

'Partially supported by DGICYT BFM2003-06001 (Ministerio de Education y Ciencia) and by 
2005SGR00557 (Generalitat de Catalunya) 
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(ii) (Zeuthen-Segre) ej > 0. Moreover, ej = if and only if / is smooth. 

(iii) (Arakelov) Kj > 0. Moreover, if = then / is isotrivial. 

(iv) Xf ^ 0- Moreover, ^/ = if and only if / is locally trivial. 

(v) < qj < g. When b > 1 = if and only if / is the Albanese map of S. On the other 
hand, qf = g if and only if S = B x F (cf. [TU]). 

We say that / is a non- Albanese fibration if qj > 0. 

When / is not locally trivial, Xiao (cf. [3U]) defines the slope of / as 

s(f) = 

Xf 

It follows immediately from Noether's equality that < s(f) < 12. 

We are mostly concerned with a lower bound of the slope. The main known result in this 
direction is: 

If 9 ■> 2 and / is not locally trivial, then s(f) > 4 . 

which is known as the s/ope inequality. It was first proven by Horikawa and Persson for 
hyperelliptic fibrations. Xiao gives a proof for general fibrations (cf. [30]) and, independently, 
Cornalba and Harris prove it for semistable fibrations (i.e., for fibrations where all the fibres 
are semistable curves in the sense of Deligne and Mumford). Later on, in [26J it has been 
proved a generalization of their method which can be applied to any fibration. 

The slope of a fibration turns out to be sensible to a lot of geometric properties, both of 
the fibres of / and of S (see [2] for a complete reference) . 

We like to pay attention to the influence of the relative irregularity of the the fibration, q* . 
In view of our argument, also the Clifford index of / appears closely related to this problem. 
In [16], there is a very interesting attempt to exhibit the lower bound of the slope as an 
increasing function of the Clifford index. This seems very clear for hyperelliptic or trigonal 
fibrations (see also [17], [24] ) , and for general Clifford index, but in the intermediate cases, 
generality conditions are necessary ([6]). 

In the case of the relative irregularity qf, it seems again that the lower bound of the slope 
should be an increasing function of qt. A crucial point where the relative irregularity qf 
appears in a fibration is given by the so called Fujita decomposition: 

f*ujf = A®0% qs 

which also produces a decomposition of the relative Jacobian fibration associated to /. In 
particular, notice that a general fibre of a non- Albanese fibration has non simple Jacobian. 

The first result which manifests the influence of qf on the slope is due to Xiao (|30|): 
s(f) > 4 whenever qf > and equality holds only if qf = 1. Explicit lower bounds depending 
on qf are given in [19] and in [8], but they are rather complicated and seem far to be sharp. 
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However, from these results it seems clear that there should be a lower bound for the slope 
which is an increasing function of the relative irregularity. 

We conjecture the following simple behavior for the bound. 

Conjecture 1.1. Let f : S — ► B be afibration of genus g, with relative irregularity qf < g—1. 
Then 

-(/)>4^i. 
9-Qf 

This bound, if true, is sharp (Example 14. ip . Apart from the aforementioned result of Xiao, 
some other evidences for this conjecture are the following. 

• It is true when P(C^ 9/ ) does not meet the general fibre and the projection from it 
induces a birational and linearly stable map (Remark I3.5[) . 

• It is true when W(O b ) does not meet the general fibre and A is a semistable sheaf on 
B (Remark El. 

• There is an analogous canonical decomposition of f*Uf in case the fibration is a dou- 
ble cover fibration. In that situation, the corresponding conjectured bound holds (see 
Example O and [H]). 

• In a semistable fibration with s singular fibres, Vojta proves the following inequality 

Kj < (2g -2)(2b -2 + s) 
which combined with slope inequality gives 

X/ < £(26-2 + 8). 
However, a sharper bound of this type holds (cf. [3] and [29]), namely 

Xf< q -^(2b-2 + s) 

which is exactly the bound we would obtain using our conjectured bound instead of 
slope inequality in Vojta formula. 

To our knowledge, the only known counterexamples to the bound above belong to the 
extremal case qj = g — 1 (cf. [22] and Remark I4.6H . 

Our approach is the following. Consider any vector subbundle T C f*Uf. The inclusion 
induces a linear system on F which is just the projection 

nf*"f) — ► w 

restricted to the canonical embedding of F (assume it is non hyperelliptic). Information about 
the degree and rank of this linear system is the main ingredient for applying Xiao's method. In 
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some cases this information allows to conclude that the projection is linearly stable; roughly 
speaking, this means that any linear subsystem can only increase the ratio between the degree 
and the rank (see section 2 for a more precise definition). In the case of curves linear stability 
implies Hilbert stability and so we can also apply Cornalba-Harris method to study a lower 
bound of the slope s(f). 

With this purpose, we start in section 2 studying when a projection of a canonical curve 
is linearly stable. Our main result in this direction is 

Theorem 1.2. Let C C P 9 " 1 be a canonical non-hyperelliptic curve. Let £ C P 9 " 1 be a 
(s — 1)- space. Let k be any positive integer smaller or equal to min{[s/2], [Cliff(C)/2]}. Then 
there is a non-empty open set of {k — \)-spaces contained in £ that induce linearly stable 
projections. 

In section 3 we use this information to study a lower bound of the slope of non-Albanese 
fibrations. We obtain 

Theorem 1.3. Let f : X — > B be a fibred surface. Let m := min{Cliff(/), qj}. Then the slope 
of f satisfies the inequality 

Although the main ingredient for the theorem is the result of linear stability of section 2, we 
give two different proofs of this result, one by applying Xiao's method and another one using 
the one of Cornalba-Harris. We present this fact as another instance that, at least in the case 
of surfaces, both methods, of different nature, produce the same results. We believe that this 
parallelism (which does not clearly hold for higher dimensions) merits further investigation. 

The two invariants involved in our main result, the relative irregularity and the Clifford 
index, are of very different nature. Theorem 11.31 gives a strong inequality for big values of both 
these invariants. It is therefore important to verify that this two quantities are independent, 
and in particular that they can grow simultaneously. In section 4 we provide examples of 
fibred surfaces with both qf and Cliff(/) large, but also of surfaces with large qj and small 
Cliff (/), and vice versa. 

Acknowledgments We thank Maurizio Cornalba, who gave us uncountably helpful sug- 
gestions. We would also like to thank Gian Pietro Pirola, for many useful discussions, and 
Andreas Leopold Knutsen for his kind help with the examples of the last section. 



2 Linear stability of projections of a canonical curve 

In this section we prove, under suitable assumptions, the linear stability of general projections 
of canonical curves. This is the key property that allows us to apply both Xiao's and Cornalba- 
Harris method in the second part of the paper. 

The notion of linear stability was first defined by Mumford in [20] for embeddings in pro- 
jective spaces. The following is a natural generalization for curves with any map to projective 
spaces. For a more general treatment, see [26] • 
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Let C be a smooth curve, together with a non-degenerate map in a projective space 
ip: C — > P r . Consider the base point free linear series A associated to the morphism ip 
obtained eliminating the base points of ip. If d is the degree of A and r is its dimension (i.e. 
A is a gQ, we define the reduced degree of the pair (C, VO as 

red.deg(C, -i/0 : = — 
r 

(we will also use the notation red.deg(C, A), or red.deg(C, V), where V C H°(C, ip*Opr(l)) 
is the linear system such that .4 = P(V)). 

Definition 2.1. Wif/i f/ie same notations as above, we say that ip: C — > P r is linearly 
semistable (resp. stable) if for any projection tt on a positive dimensional projective space, 

red.deg(C, tt o ip) > red.deg(C, ip) 

(resp. red.deg(C, tt o ?/>) > red.deg(C, VO J. 

In other words, we are asking that for any linear series A' (of degree d' and dimension r') 
contained in the linear series associated to ip the inequality d'/r' > d/r has to be satisfied. 

Remark 2.2. It is easy to see that when ip is induced from a line bundle, it is sufficient to 
check the inequality for any complete linear series contained in the one associated to ip. The 
classical results on divisors on curves, such as Clifford's Theorem and its generalizations (|10|. 
|23j) and the Riemann-Roch Theorem, imply quite easily the following results (cf. pQ and 

(1) If C is a non-hyperelliptic curve, the canonical embedding of C in PS" 1 is linearly 
stable. 

(2) If C is hyperelliptic, the canonical morphism is linearly semistable, but not stable. 

(3) If C is a smooth curve of genus g > 1 and L is a line bundle on C of degree d > 2g, 
the embedding induced by L is linearly stable. 

We are interested in the linear stability of projections from the canonical image of a curve. 

Example 2.3. If C is a trigonal curve, the projection from a point outside the canonical 
image can be linearly unstable. Indeed, consider any effective divisor P\ + P2 + P3 belonging 
to the <?3 on C (the Pj's need not be distinct). By the geometric Riemann-Roch Theorem 
these points span a line £ C P 9 . Let P be a point of £ disjoint from C. It can be easily 
checked that the projection tt from P is a birational morphism. The image of tt, C, has a 
triple point R. If we consider the projection ip from R, we have, for g > 5 

2g — 5 2g — 2 

red.deg(C, ip) = < = red.deg(C, tt). 

g - 3 g-2 

^From now on, C is a non-hyperelliptic curve embedded in P# -1 by its canonical system. 
Let p\ be the projection from a (k — l)-plane A disjoint from C. We search for conditions 
for p\ to be linearly stable. 
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Call V = Ann (A) C H°(loc) the linear system associated top a, and V = |V| the associated 
linear series. Let W C V be any proper subsystem. We call W = \W\ the linear series, and 
W the base point free linear series obtained from W by eliminating the base points. 

If dimVF = g — k — a, and deg W = 2g — 2 — d, then is noi destabilising for V if and 
only if 

^ , 9-k-l 

a > a . 

" 2g-2 

Let D be the effective divisor of base points of W. Roughly speaking, the inequality above 
implies that D should impose "enough" conditions on V itself. Indeed, a sufficient condition 
for W not to be destabilising is 

dimV(-D) < dimV-d^— — -, (2.1) 

2g -2 

where, as usual, V(—D) = V C\H®(ujc{— D)). The geometric meaning of this condition is that 
the (k — l)-plane A intersect the (d + /i°(D))-plane spanned by D in a plane of dimension 
smaller or equal to g — h°(ujc{—D)) — d(g — k — l)/(2g — 2) — 1. 

Remark 2.4. Using the stronger versions of Clifford Theorem proved in [TO] and [23] . it can 
be shown that the projection of a canonical non-trigonal curve from any point not contained 
in it is linearly stable. Moreover, one can show that the projection of a trigonal canonical 
curve from a point not contained in a trisecant line is linearly stable (cf. [25]). In what follows, 
we generalize these results for projections from positive dimensional subspaces. 

Given a line bundle L over a smooth curve C, its Clifford index is Cliff(L) = degL — 
2(h°(L) - 1). If D is a divisor on C, CM(D) := Cliff ( O c (£>))• 

Definition 2.5. The Clifford index of a curve C of genus g > 4 is the integer: 

Cliff(C) = min{Cliff(L) | L G Pic(C), h°(L) > 2, h^L) > 2}. 

When g = 2 we set Cliff(C) = 0; when g = 3 we set Cliff(C) = or 1 according to whether C 
is hyperelliptic or not. 

A line bundle with h° and h 1 greater or equal to 2 is said to contribute to the Clifford 
index. Brill-Noether theory shows that Cliff(C) < [(g — l)/2], and that equality holds if C is 
general in moduli. Clifford's Theorem says that the curves with Clifford index are exactly 
the hyperelliptic ones. It is easy to prove that the curves with Clifford index 1 are the trigonal 
ones and the smooth plane quintics. In general, the Clifford index and the gonality of a curve 
C are related by the following (cf. [13]) 



gon(C) - 3 < Cliff(C) < gon(C) - 2. 

Remark 2.6. As the Clifford index of a curve C measures how large is the ratio between the 
degree and the dimension of special linear series on C, it seems natural to guess that the canoni- 
cal curves with higher Clifford index have linearly stable projections from positive-dimensional 
subspaces of P 5_1 . However, this guess is false. The problem is that the Clifford index does 
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not control the divisors having H 1 of dimension 1. Indeed, consider a non-hyperelliptic curve 
C with arbitrary Clifford index, and let D = Pq + . . . Pk be an effective divisor consisting of 
k + 1 points that impose independent conditions on H°(u>c)- Consider a section ip of H°(tuc) 
not vanishing at anyone of the Pj's (a general section will do). The linear subsystem V of 
H°(loc) spanned by H°(ujc(—D)) and by ip has no base points by construction, and has di- 
mension g — k. Hence, V induces the projection of the canonical image of C from a subspace 
of projective dimension k — 1 disjoint from it. As soon as k > 1 this projection is linearly 
unstable, because 

red.deg(y) = 2g 2 > red.deg(cu c (-£>)) = — — ^ — 
g — k — 1 g — k — 2 

Note that h}{uc{— D)) = 1, and hence uc(— D) is one of the divisors that does not contribute 
to the Clifford index of C. 

Proposition 2.7. Let C C P 9_1 be a canonical curve, and k an integer such that Cliff(C) > 
2k. Let A be a (k — 1) -plane in W 9 " 1 disjoint from C such that 

dim(A n span(D)) < d 9 + - ~ 1 - 1 (2.2) 

2g - 2 

for any special effective divisor D on C with degree d < 2k — 1 such that dimspan(Z)) = d—1. 
Then the projection with centre A is linearly stable. 

Proof. Let V C H°(C,loc) be the linear system associated to the projection with centre A. 
Let W C V be any linear subsystem with dim W > 2; we need to check that red.deg(C, W) > 
red.deg(C, V). Let Ly/ be the line bundle generated by the sections of W. L\y = uj c (—D), 
with D = Ann(PT) n C. Observe that 

A n span(D) = P(Ann(F + H°(lo c {-D))) C F(H (lo c ) V ) = IP 9-1 - 

Applying Grassman formula to V + H°(luc{—D)), condition (|2.ip translates as: 

, /. / w fc Cliff(D) . , 

dim A n span (D)) < -d + - 1. 2.3 

2g — 2 2 

Note that span(L>) is a plane of dimension (d + c)/2 — 1. 

If -D contributes to the Clifford index of C then inequality (| 2 . 3 1) is trivially satisfied as the 
right side term is bigger than k — 1, which is the dimension of A. 

If, on the other hand, D does not contribute to the Clifford index, necessarily we have 
h°(Oc(D)) = 1, because h l {O c {D)) = h°(uj c {-D)) > drmW > 2. By the geometric version 
of the Riemann-Roch Theorem, the points of D are in general position (i.e. dimspan(D) = 
d—1). Moreover, notice that in this case d = Cliff(D). 

If d > 2k{g — l)/(g + k — 1), then condition (|2.3p is satisfied with strict inequality, because 
the space span(D) has dimension strictly smaller than the number on the right hand side. 
Hence we can consider the case 

d< 2k{9 - l) . 
~ g + k-1 

In particular, d has to be smaller or equal to 2k — 1, and under this assumption, inequality 
(|2.3|) is implied by (|2.2p . Hence, the proof is concluded. □ 
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For the applications contained in the next section, we need to treat the following situation. 
Suppose that we are given a linear subspace E of P 9 " 1 of dimension dimE = s — 1 (without 
any assumption on it). We want to find the biggest possible integer k such that there exists a 
linear subspace A of dimension k — 1 contained in E such that the projection 7ta with centre 
A is linearly stable. Of course k will depend on the dimension of E. 

Theorem 2.8. Let C C F 9 ^ 1 be a canonical non-hyperelliptic curve. Let E C F 9 ^ 1 be a 
proper (s — l)-space. Let k be any positive integer smaller or equal to min {[s/2], [Cliff(C)/2]}. 
Then there is a non-empty open set of (fc — 1)- spaces contained in E that induce linearly stable 
projections of degree 2g — 2. 

Proof. We try and find a linear space ACE satisfying the assumptions of Proposition 12.71 
We can replace conditions (|2.2|) with the following (more restrictive) ones: 

dim(A n span(D)) < ^ - 1 (2.4) 

for any special divisor D on C with degree d < 2k — 1 such that dimspan(D) = d — 1. 

Observe that condition (|2.4I) for d even is implied by the same condition for d + 1. Hence 
we can suppose d odd. We seek the existence of A in E that does not contain any {{d— l)/2)- 
space contained in the span of d points in general position. Let us bound from the above the 
dimension of such "bad" spaces in the grassmanian Gr(fc, g) of (k — l)-spaces in P 9-1 . 

• The dimension of the spaces span(ZJ') is d. 

• The dimension of the ((d — l)/2)-spaces contained in a fixed (d — l)-space span(Z)) is 
dim Gr((d + l)/2, d) = d 2 /4 - 1/4. 

• The dimension of the (k — l)-spaces contained in E that contain a fixed (d— l)/2-space 
is dimGr(A; - (d - l)/2 - 1, s - (d - l)/2 - 1) = (k - (d + l)/2)(s - k). 

Hence there exists a (k — l)-space in E satisfying conditions (12. 4p as soon as the grassmanian 
of (k — l)-planes contained in E has dimension strictly greater than the dimension of the 
"bad" family, i.e. 

k(s -k) = dim Gr(fc, s)> d + - - 1 + ^k - (s-k), 

which becomes 

a >fc + l + f*±I (2.5) 

As d varies from 1 to 2k — 1, we see that the inequality obtained is s > 2k + 1. 

For d = 2k — 1, we can slightly improve the bound arguing as follows. Inequality (|2.4p for 
d = 2k — \ means that A in E is not entirely contained in any (2k — 2)-space span(D). Let us 
make the following remark 

7/E is not the whole P 9_1 , then for any r < s, there is at most a finite number of r -secant 
(r — l)-spaces entirely contained in E. 
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Indeed, if there were a positive dimensional family of d secant (r — l)-spaces contained in 
X, then the whole curve C would be contained in S, contradicting the fact that the canonical 
morphism is non-degenerate. 

Therefore, the (A; — l)-spaces contained in X that are also contained in a span(L>) are of 
dimension at most 

2k - 1 + dim Gr (k, 2k - 2) = k 2 - 1, 

and the same argument as above gives the bound k(s — k) > k 2 — 1, hence s > 2k. 

Noting that for d < 2k — 3 conditions (|2.5p are satisfied for s > 2k, we can conclude the 
proof. □ 

Remark 2.9. Note that the condition Cliff(C) > 2k implies necessarily that g has to be 
greater or equal to Ak + 1. Hence, if we consider for instance X = P 3 " 1 , the above result is 
empty for Ak > g. However, it implies for instance that if C has general Clifford index (which 
is a general condition) then there exists a linear space of dimension — 1 such that the 

projection from it is a linearly stable map. It has to be remarked anyway that for k "big" 
with respect to g, the sufficient conditions made in the proof of Theorem 12.81 to simplify the 
original conditions for stability contained in Proposition 12.71 become consistently restrictive. 



3 Application to the slope of fibred surfaces 

Let /: S — ► B be a non-Albanese fibration. We are interested in giving a lower bound for 
the slope s{f) as an increasing function of qj. For this we will apply relative projections to 
the relative canonical map S — - > F(f*ujf) which induce, on the general fibre F, a linearly 
stable projection. The bigger the center of the projection is, the better is the bound we get. 
In the analysis of linear stability of projections of canonical curves in the previous section, 
appears as a fundamental ingredient the Clifford index. As we will see, the bound we get 
involves naturally this two invariants: the Clifford index of the general fibre and the relative 
irregularity qf. 

Taking any linear subspace of the canonical embedding of a concrete fibre F we are not sure 
we can extend it to a relative linear subspace over B (in order to make a relative projection), 
except it is contained in the trivial part P(O b ) of the Fujita decomposition 

f. Uf =A®of ! . 

Moreover, such an election allows us to control the degree of the sheaves involved, since 
deg.4 = deg/^u;/. 

We present here two different proofs. To the, yet classical, method of Xiao to study the 
slope of fibrations, has recently joined the generalized Cornalba-Harris method. Although 
they are of different nature, the application of both seem to give very similar results in several 
situations (cf. [25] , [26] ) , at least in the case of fibred surfaces ( [7] gives a higher dimensional 
example) . It is an intriguing question whether both methods are in fact equivalent or not. 
Our aim is to show how either method provides, in this case, exactly the same bound, and to 
present this fact as an instance of this parallelism. 
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As we will see, Xiao and Cornalba-Harris start from a subsheaf of the pushforward of a line 
bundle on the total space (in our, and most cases, f*uJf); from this, they give as an output an 
inequality involving divisor classes on the base. However, while Xiao's method needs almost 
no hypothesis, the one of Cornalba-Harris requires a GIT stability condition on the maps 
induced by the subsheaf on the general fibres. Nevertheless, as hopefully the computations 
made here will show, the linear stability of the maps induced on the general fibres, although 
not required by Xiao, is a fundamental ingredient for both the approaches. 

Applying our results on linear stability of projections, we are able to find a direct factor £ of 
f*Uf which induces linearly stable projections on the general fibres, and such that deg£ = Xf- 

Given a fibred surface /: S — > B, we define its Clifford index Cliff (_/*) as the maximum of 
the Clifford indices of the fibres (cf. |16j). As Cliff is a lower semicontinuous locally constant 
function, Cliff (/) is the Clifford index of the general fibres. 

Proposition 3.1. Let f : S — ► B be a fibred surface. If k = min{[Cliff(/)/2], [?//2]} ; there 
exists a decomposition 

f^f = £®Of 

such that the fibre of £ on general t € B is a linear system inducing a linearly stable degree 
2g — 2 morphism of the fibre = Ft. 

Proof. If / is an Albanese fibration, or if Cliff (/) < 1, £" is the whole sheaf f*cof, and the 
statement is satisfied, because for a general fibre F, H°(F,ujf) is base-point-free, and it 
induces a linearly stable embedding (Remark 12. 2|) , 
Otherwise, let us consider the Fujita decomposition 

f. Uf =A®of ! . 

The sheaf A induces on a fibre Ft a projection of the canonical image from the (<?/ — l)-plane 
E t = f{Axm(A ® k(t)) (of course E t is canonically identified with F(0^ Qf <g> fe(i))). 

A general fibre F is smooth and Cliff(-F) = Cliff/. Let us fix such a general fibre, and 
drop the small t from the notations. 

Let A be a k — 1-plane contained in £ and let A' C H°(luf) be the linear system associated 
with the projection from it. Note that, as 0^ qf is trivial, we can extend A to a trivial direct 
factor of f*ujf and get a decomposition 

f,uj f = £®Of. 

By Theorem 12. 8( as conditions 2k < qf and Cliff (F) > 2k are satisfied, on any general fibre 
there exists a dense open set of (k — l)-plane contained in £ inducing linearly stable, base- 
point-free projections of degree 2g — 2. So we can choose one A in our fixed fibre F such that 
the fibre of the corresponding £ on general t enjoys the same properties. □ 

We now come to the two proofs of Theorem 11.31 
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Via Xiao's method 

Xiao's method is a well established way of studying slopes of fibrations (cf. [3U], [2], [5], [2T] , 
[T7] . [18]). We just sketch it and refer to [2] and to [30] for details. Consider the Harder- 
Narashimann filtration of any subsheaf J- of f*LVf. 

0=:£ c£iC---c£ n = J r 
and let fj,± >■■■> /J, n (/Xj := [i{£i/ £i-\)) be the associated slopes. Set rj = rk£j. We have 

n 

deg T = y]rj(/^ - /ii+i), (where ^ n+i = 0) 
t=i 

For technical reasons, it is necessary that all the sequence of slopes is decreasing (including 
^ n+ i =0), so we need /i n > 0. This is always achieved if T is not only a subsheaf but also a 
direct summand of f*ujf (which is a nef vector bundle on B). 

For each i, the composite of the natural sheaf homomorphisms 

f*£i -> f*f*Uf -> 

induces a rational map 5* — ► Ps(£"i). Up to a suitable sequence of blowing-ups e : 5 — ► S 
(which does not modify the general fibre F), the above map becomes a morphism for every i. 
Let Mi be the moving part of the pull-back of the tautological line bundle Hi on P#(£j). Mi\p 
is a base point free linear system on F which induces a map into P ri_1 (a fibre of Pb(£i) — ► 
of degree dj. 

Proposition 3.2. ('c/. For any sequence of indices with 1 < i\ < ■ ■ ■ < i m < n we have 

m 

Ml > ^2(d ip + d ip+1 )(fi lp - m p+1 ) 
P =i 

where i m +i = n + 1. 

Then, we can proceed to give a proof of 11.31 
Proof. o/Q 

Following the notations of Proposition 13.11 we put T = £ = A ® anc i apply 1331 

for the whole set of indexes {1, 2, n}: 

n 

Ml>Y,{di + d l+1 ){^ 
i=i 

Since by construction the linear system M n \ F is linearly stable and of degree d n = 2g — 2, 
then for all i = 1, .., n we have 

di d n 2g-2 

> = =: a. 

n - 1 r n - 1 qf -k-1 



12 



M. A. Barja, L. Stoppino 



Using that r^+i > r j + 1 and that deg£ = deg = we conclude 

> 2ax/ - a^i. 

On the other hand, M n < e*Kf and both are nef, so we have 

K) = (e*K f f > Ml > 2a X f - apL X . 
Finally, defining now T = f*cof and taking the set of indexes {l,n} we obtain 

K] > (2g - 2)m 

which combined with the previous inequality produces the desired result 



□ 



Remark 3.3. In the particular case when A is semistable, we can take in the previous proof 
T = A. Then the same argument produce 

9 d 

K f > 2 Xf- 

1 9-Qf 

If, moreover, we know that ¥(0^ qf ) does not meet the general fibre F, then d = 2g — 2 
and so 

K) > 4^1 X/ . 
1 9-Qf 



Via a Theorem of Cornalba and Harris 

The method of Cornalba-Harris is introduced in [11] . Let us summarize the version for fibred 
surfaces following the generalization presented in [26] . 

Theorem 3.4 (Cornalba-Harris). Let f : S — > B be a fibred surface. Let L be a line bundle 
on S and J- a coherent subsheaf of f*L of rank r such that for general t £ B the linear system 

T ® k(t) C H°(F t , L\p t ) 

induces a linear stable map. Let Qh be a coherent subsheaf of f*L® h that contains the image 
of the morphism 

Sym h F — f*L® h , 



1 The original Cornalba-Harris Theorem requires the assumption of Hilbert instead of linear stability. For 
curves, linear stability implies Hilbert stability as proved in [T] or in It is not known whether the converse 
implication holds. 
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and coincides with it at general t. If N = rankt/^ is of the form Ah + O(l) and degQh of the 
form Bh 2 + 0(h), the following inequality holds: 

rB-Adegf> 0. (3.6) 

Let us consider the particular case in which T ' = f*L and = f*L® h . By the Riemann- 
Roch Theorem 

deg/,£® h = deg/.L®" + degi? 1 /*^ = yL 2 - ^LK f + deg/^/ + degi? 1 /*^- 

Let d be the relative degree of L. For large enough h, By Riemann-Roch on the general fibre, 
N = dh—g+1, where g is the genus of the fibration. Suppose that deg R 1 f*L® h = Ch 2 +0(h); 
in this case the computation of the leading coefficient of deg Qh gives: 

rL 2 + r C - 2d deg f*L > 0. (3.7) 

Proof, of Theorem \1.3\ 

Let us use Proposition 13.11 If k = (Cliff/ < 1, or / is an Albanese morphism), the 
statement of Theorem 11.31 is just the slope inequality. 

Otherwise, observe that the sheaf £ of Proposition 13 . 1 1 satisfies the assumptions of Theorem 
13.41 Consider the morphism of sheaves 

Sym h £ — f*uf h , 

and call Qh its image. 

On general t, the morphism induced by £ <8> k(t) has degree 2g — 2. Moreover, we now 
prove that it is birational. Indeed, as a consequence of Castelnuovo's bound (cf. [1] Exercise 
B-7), either the map induced by £ <S) k(t) is birational or it factors through a double cover 
over a curve of genus at most k. This last case is impossible, because it would imply that 

Cliff(/) = Cliff(F f ) < gonF t - 2 < 7 < k, 

contrary to the assumption. Hence, 

rank^ = h°(F, (j*0 Pfl - fc _i (l))® h ) = (2g - 2)h + 0(1), 

where Ft is the image of Ft. Moreover, 

deg&^degAwf 

because f*ujf h is nef (cf. [28]). Hence, the coefficient of h 2 in deg^ is smaller than K 2 -/2, 



j j id nci y^L. ncin,c, tiic ^ucm^iciii. ui io in ucgy/, 10 oiiiaiici uiiaii ±\ j 

and inequality (|3.6|) implies 

0/-fc)^ t -(2^-2)x/>O, 
as claimed. □ 
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Remark 3.5. Suppose that, under suitable assumptions, the fibre of A itself on general 
t £ B was a base point free linear system of degree d which induced a linear semistable 
morphism. Both the Cornalba-Harris Theorem and the method of Xiao would give as a result 
the inequality 

9-Qf 

which coincides with the bound of Conjecture 11.11 if d = 2g — 2, that's to say if P(0^ 9 '') is 
disjoint from the general fibre. 



4 Examples 

Example 4.1. This example is constructed in sec 4.5 (see also [12], Example 4.1). Let 
r and B be smooth curves. Let 7 > be the genus of Y. We consider B x Y. Let p\ 
and P2 be the two projections, and H±, H2 their general fibres. Consider a smooth divisor 
R £ \2nH\ + 2mB2\ (by Bertini's Theorem such a divisor exists, at least for sufficiently large 
n and m). Let p: X — > B x Y be the double cover ramified over R. 

Consider the fibration / := p± o p: X — > B; its general fibre is a double cover of Y, and its 
genus is g = 27 + m — 1. A computation shows that its slope is 

7 + m— 1 g — 7 
The relative irregularity is exactly qj = 7. Indeed, 

q = h\X, Ox) = h\B x Y,0 Bxr ) + h\B x Y,C^) = 

= b + 1 + h 1 {B,K B {nP l )) + h l {Y,K T {mP 2 )) = b + 1 . 

Hence, notice that this fibrations have slope reaching the expected bound of Conjecture 11.11 
(regardless to the Clifford index). Quite interestingly, these fibrations are also examples of 
slope minimal with respect to the bound for double cover fibrations established in [12j . 

What about the Clifford index? In general, the gonality of the general fibre of these 
fibrations is at most twice the gonality of the quotient Y, and so it is smaller or equal to 7 + 3 
if 7 is odd, and 7 + 2 if 7 is even. Hence, the Clifford index of the general fibre Xt is smaller 
or equal to 7 + 1 for odd 7 and to 7 for even 7. Under suitable assumptions, the Clifford 
index is "almost" 7, as shown by the following standard argument. 



Lemma 4.2. Suppose that Y has general gonality gon(r) = a = ^— , and suppose that a 

is a prime number. If we choose m > 7 2 + 7 + 4 in the above construction, then CliS(Xt) > 7 
for odd 7, and Cliff (Xt) > 7 — 1 for even 7. 

Proof. Let (5 be the gonality of Xt. We want to prove that (3 = 2a. By definition of gonality, 
(3 < 2a. Let us suppose then that j3 is strictly smaller than 2a. Consider the following 
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diagram 



X t 




/ I - 


\ °"2 


^ x t 




\ n 




F i x pi 





where o\ is a degree morphism, and 02 the composition of the quotient morphism ip: Xt — > T 
with a morphism r — > P 1 of degree a; the 7r, are the projections, a = a± x <t 2 and Ai = <r(X t ). 
Let d be the degree of a; clearly <i | 2a and d | /3, hence d = 1,2, a are the only possibilities. 
By the adjunction formula, 

2p a (A i ) - 2 = (iVxpiAi + A 4 ) = 2—p - — + 1. 

If d = 1, then g < p a {X~t) < (2a-l)(/9-l) < (7+2)(7+l). Remembering that 5 = 27+m-l, 
we deduce that m has to be smaller or equal to 7 2 + 7 + 3, contrary to the assumption. 

If d = 2, then observe that by assumption g > 7(7+ 1) + 1 > A(p a (X t )) + 1, then it follows 
from Lemma 1.7 of jT5], that Xt is isomorphic to V. But then f3\ would be a morphism from 
r to P 1 of de gree strictly smaller than a, which is a contradiction. 

It remains to deal with the case d = a. In this case, It has to be Xt = P 1 , and a = o\. 

Then, one can consider the composite morphism Xt P 1 x V, which has degree either 1 
or a (remember that a is prime). The case of degree 1 would imply (again by adjunction) 
that g < (7 + 3) (37 — l)/4 + 1, so it can be excluded. The case of degree a would imply that 
T = P 1 , a contradiction, because we assumed that 7 = g(r) > 0. □ 



Example 4.3. The following construction leads in particular to examples of fibrations with 
qf = 2 and Clifford index big. Let S be an abelian surface, and let C be a smooth curve of 
genus g > 3 contained in it. By the adjunction formula, C 2 = (CKs + C 2 ) = 2g — 2. By 
Riemann-Roch 

h°(S, Os(C)) = {CKs 2 + ° 2) +xs = g-l>2. 

Hence we can consider an algebraic pencil (i.e. a linear series of dimension 1) in \C\. Let S 
be the blow up of S in the 2g — 2 base points. The pencil induces a fibration /: S — ► P 1 , 
which clearly has relative irregularity qj = q(S) = 2, and whose Clifford index is the Clifford 
index of C. 

In the following we shall prove that there exist abelian surfaces containing curves of arbi- 
trary genus and Clifford index big. We will use an argument suggested to us by A. Knutsen. 

Let us first recall the following definitions and results. 

A line bundle L on a variety X is said to be k-very ample if for any 0-dimensional scheme 
Z of length k + 1, the restriction map 

H°(X,L)^H°(Z,O z (L)) 
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is surjective; hence, in particular, a line bundle is O-very ample iff it is globally generated, 
1-very ample iff it is very ample, 2-very ample iff it separates tangent vectors, and so on. If 
C is a smooth curve then the gonality of C is k + 1 if and only if ujq is (k — l)-very ample 
but not fc-ample (this is a straightforward consequence of Riemann-Roch) . 

If C is a smooth curve contained in a smooth projective surface S, by adjunction 

oj c ^ (ujs ® O s {C)) ® O c . 

Hence, we derive immediately that if gon(C) < k + 1, then uis <8> Os{C) is not fc-very ample. 
We will use the following result. 

Theorem 4.4 (Bauer-Szemberg, [9]). Let S be an abelian surface with Picard number 1, and 
L a line bundle on S of type (l,d), d > 1. Then L is k-very ample if and only if d > 2k + 3. 

We are now ready to prove the following 

Lemma 4.5. Let S be an abelian surface with Picard number 1 and let L be an ample line 
bundle of type (l,d), with d > 1. Then if C is a smooth curve of genus g contained in the 
linear system associated to L, gon(C) > i = 

Proof. Let k + 1 be the gonality of C. Remember that g(C) = d— 1. Suppose by contradiction 
that k + 1 < d/2. This implies that d > 2k + 3, and by Theorem WM O s {C) ~ u s <8> O s {C) 
is fe-very ample. From the above remarks it follows that gon(C) > k + 1, which is the desired 
contradiction. □ 

It is worth noticing that the construction above can be made in much more generality 
using the results of [27]. 

Hence, we can construct flbrations from an Abelian surface to P 1 with "almost general" 
Clifford index. 

Remark 4.6. Note that these fibrations all have slope 6. Indeed, given any such fibration 
f:S^¥\ 

K f = K s - f*K P i ~J2 Ei + 2C ' 

i=l 

where Ei are the exceptional divisors of the blow up S — > S. Hence, 

(2g-2 2g-2 \ /2g-2 \ /2g-2 2g-2 \ 

^2 Ei + 2c ■ E i + 2C )= 4 E Ei • c + E E * ■ £ E * )= 6 (e - 1), 
i=l i=\ J V i=l /V i=l i=l / 

and 

deg f*Uf = x§ ~ XpiXF = 9 ~ 1- 

This slope is coherent, and indeed bigger than, the bound given by Theorem 11.31 which is 4. 

It is also coherent with the bound of Conjecture ll.il for any genus except for g = 3, when 
it gives a counterexample for the case qf = g — 1. 
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Remark 4.7. One could make an analogous construction starting from a K3 surface. By a 
result of Knutsen (|15|) there are K3 surfaces containing curves of any possible gonality. Hence 
this construction leads to fibrations with qj = and Cliff (/) arbitrary. In this case the slope 
i s 6§TT- Note that this slope reaches exactly the bound for fibrations with general Clifford 
index and odd genus found by Konno (cf. [TS], [2]) and by Eisenbud-Harris for semistable 
fibrations ([H]). 



References 

[I] E. Arbarello, M. Cornalba, P. A. Griffiths, J. Harris, Geometry of algebraic curves. Vol.11, 
in preparation. 

[2] T. Ashikaga and K. Konno, Global and local properties of pencils of algebraic curves, Adv. 
Stud, in Pure Math. 2 (2000), 1-49. 

[3] S. Arakelov, Families of algebraic curves with fixed degeneracies, Math. U.S.S.R. Izv. 5 
(1971), 1277-1302 . 

[4] M. A. Barja, On the slope and geography of fibred surfaces and threefolds, Ph. D. Thesis, 
Univesity of Barcelona, 1998. 

[5] M. A. Barja, On the slope of fibred threefolds, Internat. J. Math. 11 n.4 (2000), 461-491. 

[6] M. A. Barja, On the slope of bielliptic fibrations, Proc. Amer. Math. Soc. 129 n.7 (2001), 
1899-1906. 

[7] M.A. Barja and L. Stoppino, A sharp bound for the slope of general trigonal fibrations of 
even genus, in preparation. 

[8] M. A. Barja and F. Zucconi, On the slope of fibred surfaces, Nagoya Math. J. 164 (2001), 
103-131. 

[9] Th. Bauer and T. Szemberg, Primitive higher order embeddings of abelian surfaces, Trans. 
Amer. Math. Soc. 349 (4) (1997), 1675-1683. 

[10] A. Beauville, L'inegalite p g > 2q + 4 pour les surfaces de type general, Bull. Soc. Math. 
Franc. 110 (1982), 343-346. 

[II] M. Cornalba, J. Harris, Divisor classes associated to families of stable varieties, with 
applications to the moduli space of curves. Ann. Sc. Ec. Norm. Sup. (4) 21 (1988), 455- 
475. 

[12] M. Cornalba and L. Stoppino, A sharp bound for the slope of double cover fibrations, 



preprint 2005, math.AG/0510144 



[13] M. Coppens and G. Martens, Secant spaces and Clifford theorem, Compositio Math. 68 
(1991), 337-341. 



18 M. A. Barja, L. Stoppino 

[14] D. Eisenbud and J. Harris, The Kodaira dimension of the moduli space of curves of genus 
> 23, Invent. Math. 90(2) (1987), 359-387. J. Harris, On the Kodaira dimension of the 
moduli space of curves. II. The even-genus case, Invent. Math 75 (3) (1984), 437-466. 

[15] A. L. Knutsen, Gonality and Clifford index of curves on K3 surfaces, Arch. Math. (Basel) 
80 (3) (2003), 235-238. 

[16] K. Konno, Clifford index and the slope of fibered surfaces, J. Algebraic Geom. 8 (2) 
(1999), 207-220. 

[17] K. Konno, A lower bound of the slope of trigonal fibrations, Internat. J. Math. 7 (1) 
(1996), 19-27. 

[18] K. Konno, Non-hyperelliptic fibrations of small genus and certain irregular canonical 
surfaces, Ann. Sc. Norm. Sup. Pisa ser. IV 20 (1993), 575-595. 

[19] K. Konno, On the Irregularity of Special Non-Canonical Surfaces, Publ. RIMS Kyoto 
Univ. 30 (1994), 671-688. 

[20] D. Mumford, Stability of projective varieties, L'Ens. Math. 23 (1977), 39-110. 

[21] K. Ohno, Some inequalities for minimal fibrations of surfaces of general type over curves, 
J. Math. Soc. Japan 44 (4) (1992), 643-666. 

[22] G. P. Pirola, On a conjecture of Xiao, J. Reine angew. Math. 431 (1992), 75-89. 

[23] M. Reid, Quadrics through a canonical surface, Algebraic Geometry (L'Aquila) Lecture 
notes in Math. 1147 (1988), 191-213. 

[24] Z. E. Stankova-Frenkel, Moduli of trigonal curves, J. Algebraic Geom. 9 (4) (2000), 
607-662. 

[25] L. Stoppino, Stability of maps to projective spaces, with applications to the slope of fibred 
surfaces, Ph.D. Thesis, Universita di Pavia, 2005. 

[26] L. Stoppino, A remark on the slope inequality for fibred surfaces, preprint 
|math.AG/0411639[ 

[27] H. Terakawa, The k-very ampleness and k-spannedness on polarized abelian surfaces, 
Math. Nachr. 195 (1998), 237-250. 

[28] E. Viehweg, Quasi-projective moduli for polarized manifolds, Springer- Verlag, Ergebnisse 
der Mathematik und ihrer Grenzgebiete vol. 30, 1995. 

[29] E. Viehweg and K. Zuo, Numerical bounds for semi-stable families of curves or of certain 
higher dimensional manifolds, J. Algebraic Geom. 15 (4) (2006), 771-791. 

[30] G. Xiao, Fibred algebraic surfaces with low slope. Math. Ann. 276 (1987), 449-466. 



Linear stability of projected canonical curves. 



19 



Miguel Angel Barja, Departament de Matematica Aplicada I, Universitat Politecnica de 
Catalunya, ETSEIB Avda. Diagonal, 08028 Barcelona (Spain). E-mail: Miguel.Angel.Barja@upc.edu 

Lidia Stoppino, Dipartimento di Matematica, Universita di Roma TRE, Largo S. L. Murialdo, 
1 1-00146, Roma (Italy). E-mail: stoppino@mat.uniroma3.it. 



